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Abstract. We analyze the recent examples of quantum semigroups defined by M.M. Sadr who 
also brought up several open problems concerning these objects. These are defined as quantum 
families of maps from finite sets to a fixed compact quantum semigroup. We show that these 
are special cases of free products of quantum semigroups. This way we can answer all the 
questions stated by M.M. Sadr. Along the way we discuss the question whether restricting the 
comultiplication of a compact quantum group to a unital C*-subalgebra defines such a structure 
on the subalgebra. In the last section we show that the quantum family of all maps from a non- 
classical finite quantum space to a quantum group (even a finite classical group) might not 
admit any quantum group structure. 



1. Introduction 

Let X and Y be locally compact Hausdorff topological spaces. Then the space C(X,Y) carries 
a natural topology — the compact-open topology. As a topological space C(X, Y) is characterized 
by the following universal property: let us denote by ip the continuous map C(X,Y) x X — > Y 
given by 

i>(f,x) = f(x); 

then for any locally compact Hausdorff topological space M and a continuous map <p : MxI->7 
there is a unique continuous A: M — > C(X,Y) such that 

ifj(X(m), x) = <p(x) 

for all x £ X i m £ M. Note that when X is finite and Y is compact then C(X, Y) is compact. 

The above characterization might be rather artificial for topological spaces. However, when we 
pass to the category dual to the category of locally compact topological spaces, i.e. the category 
of commutative C*-algebras such a characterization turns out to be very useful. Moreover we can 
use this description of C(X, Y) to define an analog of this space when X and Y are no longer 
classical spaces, but quantum spaces. 

Quantum spaces (called pseudospaces in T3]) are virtual objects which correspond to noncom- 
mutative C*-algebras in a way analogous to how locally compact spaces correspond to commutative 
C*-algebras. For any C*-algebra A we write QS(A) for the corresponding quantum space. When 
A happens to be commutative then we can identify QS(A) with the unique locally compact space 
X such that A = Co(A^) — the space of continuous functions vanishing at infinity on X. 

In [Ml [8] quantum analogs of spaces of the form C(X,Y) for X finite and Y a compact subset 
of C" were defined and shown to exist. This means that for any finite-dimensional C*-algebra B 
and any unital finitely generated C*-algebra A there exists a unique C*-algebra C equipped with 
a unital *-homomorphism 

$:A — >B®C (f.I) 
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such that for any C*-algebra D and any S Mor(yl, B <g> D) there exists a unique A G Mor(C, D) 
such that 




id(g)A 



(1.2) 



Here Mor(-, ■) is the space of morphisms of C* -algebras as defined e.g. in [13j Section 1]. The pair 
(C, $) is already determined uniquely by requiring that for any unital C*-algebra D and a unital 
*-homomorphism : A — > B®D there exists a unique unital *-homomorphism A : C — > D making 
(|1.2p commute. 

Thus given a finite-dimensional C*-algebra -B and a unital finitely generated C*-algebra A we 
have a new C*-algebra C together with a unital *-homomorphism (11.11) . In view of the character- 
ization of the space of continuous maps discussed above it makes sense to call QS(C) the quantum 
space of all maps from Q$(B) to Q2>(A) denoted by Q-Map(QS(B), QS(A)) . 

In particular one can consider the case A = B. Then the quantum space Q-Map(QS(B),QS(.B)) 
corresponding to the C*-algebra C (denoted simply by Q-Map( QS(£?)) ) carries a natural structure 
of a compact quantum semigroup, i.e. there exists a unital *-homomorphism Ac : C — > C®C which 
is coassociative: 

(A c id) o Ac = (id® A c )oA c . 
(12 Section 4]). Existence of this structure generalizes the fact that given a finite set X the set of 
all maps X — > X is a compact (in fact finite) semigroup. Let us emphasize that in the category 
of quantum spaces this construction leads to highly nontrivial quantum spaces (cf. Example 14. 2|) . 

In [6] M.M. Sadr analyzed the analog of another natural phenomenon, namely that the space of 
all maps from a finite set to a compact semigroup is in itself a compact semigroup. He showed that 
a non-commutative version of this fact is true. Namely, if Q§(^4) carries a structure of a quantum 
semigroup (so that we have a coassociative A^ : A — > A <E> A) and B is commutative then there 
exists a unique T ; C — > C ® C such that the diagram 



A 



B®C 



(1.3) 



A, 



A® A 



B ®C <g> B <g>C • 



id®r 



B®C®C 



£A<S>id<g)id 



B ® B ®C ® B 



(where x is the flip C ' <£> -B — »■ (g> C and : B <g> B — > B is the multiplication map) is commutative. 
Moreover T gives QS(C) the structure of a compact quantum semigroup. Even in the simples 
examples this construction produces interesting quantum semigroups. 

Our aim in this paper is to show that this result is a consequence of a mild generalization of 
S. Wang's work on free products of compact quantum groups f[llj). Using this point of view we 
will answer all the questions left open by M.M. Sadr in [6j Section 3] about quantum semigroups 
obtained in this way. 

We will be using the standard tools and language of the theory of compact quantum groups 
([THH]) and quantum families of maps ([131 |S])- We will also use free products of C*-algebras ([T] 
see also QJ]) which will always be amalgamated over the multiplies of the unit, i.e. the units of 
the factor algebras will be identified. The symbol for free products will be "*" in order to avoid 
confusion convolution products which are common in quantum group theory. 

2. Quantum families of maps from finite sets 

Let us consider the situation when A is a unital finitely generated C*-algebra and B a commu- 
tative finite-dimensional C*-algebra. In this case the quantum space of all maps QB(B) — > QS(A) 
can be described explicitly in the following way: 
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Theorem 2.1. Let A be a unital finitely generated C* -algebra and B = C" a commutative finite- 
dimensional C* -algebra. Let C be the C* -algebra corresponding to the quantum space of all maps 
QS(B) QS(A) and let 

$: A — > B®C 

be the quantum family of all maps QS(£?) — >• QS(A). Then C is isomorphic to the free product A* n 
and with this isomorphism 

n 

$(a) = ^e 4 ® tl (a), (2.1) 

i=l 

where {ei, . . . , e„} is i/ie standard basis of B and L\,...,L n are the natural inclusions A A*". 

Proof. The conclusion of the theorem may be reached by analyzing the construction of C given in 
[5J Theorem 3.3]. However it is much easier to simply check that (A* n , 5>), with $ given by (|2.1[) . 
has the universal property of the quantum family of all maps QS(£>) — > QS(A). 

This is quite easy since any unital *-homomorphism "J : A —> B®D (for some unital C*-algebra 
D) is of the form 

n 

*(a) = ®*i(a), 

i=l 

where . . . >]/„ are unital *-homomorphisms A —¥ D. The universal property of (A* n , ti, . . . , t n ) 
(cf. [3 Section 0]) is precisely that for any collection V&i, . . . , of maps A ^ D there exists a 
unique A: A*" -> D such that Aot, = $,. □ 

3. Free products of compact quantum semigroups 

In [TT] S. Wang introduced so called free products of compact quantum groups. This name 
is somewhat misleading since most concepts from group theory generalized to compact quantum 
groups do not change their meaning when applied to classical groups considered as quantum groups 
(described by commutative C*-algebras). In the case of free products this is not the case. The free 
product of compact quantum groups which are classical is no longer a classical compact group. 
On the other hand, the name is well justified by considering objects dual to compact quantum 
groups (i.e. discrete quantum groups, cf. [TQ Section 3])Q 

There is no reason why we should not apply Wang's free product construction to quantum 
semigroups instead of quantum groups. The proof that the resulting object is again a compact 
quantum semigroup is very simple (however for the main step, all be it quite trivial, S. Wang uses 
quantum group structures which are not present in our case). For the convenience of the reader 
we will give a brief indication of the proof of the corresponding theorem for quantum semigroups. 

Let A and C be unital C*-algebras. Assume that the quantum spaces QS(A) and QS(C) carry 
a quantum semigroup structure, i.e. both A and B are equipped with coassociative morphisms 
Aa '■ A — » A ® A and Ac : C —> C ® C respectively. A unital *-homomorphism : A — > C is a 
quantum semigroup morphism if 

(9(g>e)oA A = A c o9. 

Theorem 3.1. Let QS(Ai) and QS(A2) be compact quantum semigroups and let Afe: Ak — > Ak <8> 
Ak (k — l,2j be the corresponding comultiplications. Let C = A\* Ai- Then there exists a 
unique Ac : C — > C ® C making QS(C) a compact quantum semigroup such that the inclusion 
maps ^ : Ak ► C (k — 1,2) are quantum semigroup morphisms. 

Moreover, for any quantum semigroup QS(D) and quantum group morphisms @k'- Ak — > D 
there exists a unique Qc - C — > D such that Qk = @c ot fc (k = 1,2J and 0c is a quantum 
semigroup morphism. 



In the author's view the terminology "co-free product" could be considered as an alternative to "free product" 
in this situation. 
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Proof. The comultiplication Ap is defined uniquely by the diagram 

A x ® A 




(3-1) 



Clearly, the equality (Ac <8> id)oAc(c) = (id ® Ac)oAc(c) thus holds for c in the image of either 
i\ or i2- These images generate C, so Ac is coassociative. The fact that i\ and i% are quantum 
semigroup morphisms is built into the defining diagram (|3.1[) . 

The rest of the proof is the same as for free products of compact quantum groups (jTTJ Theorem 
3.4]). ' □ 

Clearly Theorem 13.11 allows us to form any finite free products of quantum semigroups. 

Now let us turn back to the discussion of the quantum family of all maps from a finite classical 
space (described by B — C") into a compact quantum semigroup (corresponding to a unital C*- 
algebra A and A^ : A — >• A ® A). We know from Theorem 12 . II that the quantum space of all maps 
QS(B) -> QB(A) is QS(C), where C ^ A* n . By the results of Sadr discussed in Section[T]we know 
that there is a quantum semigroup structure on QS(C). We shall see that it coincides with the 
structure of the n-fold free product of the quantum semigroup QS(A) with itself. In the statement 
of the next proposition we already fix the isomorphism C = A* n , so that we may suppose that 
C = A* n and the universal quantum family of maps $ has the form (12. ip . 



Proposition 3.2. LetT be the comultiplication on C making the diagram (jl.3p commutative and 
let A be the comultiplication on C — A* n defined via theorem \3.1\ Then Y = A. 



Proof. We adopt the notation introduced in Section [TJ For a simple tensor a®6eA®Awe have 

n n 

(id <g> x ® id)($ ® $)(a ® b) = ^ £k®ei® i k (a) ® n(b) = ^ e k ® ei <g> [(t fc <8> n)(a ® 6)] , 

fc,Z=l fc,i=l 

so that for any I e 4 ® 4 we have 



(id Ox® id) ($ 



fe,i=i 



e k ®ei® [(t fc ® t;)(^)], 



Thus for any a E A 



(id ® x ® id)($ <g> $)(A A (a)) = ^ e fc ® e; ® [(<* (g> t;) A A(a)] 

k,J=l 

and it follows that 



(/i ® id ® id) (id ® x ® id)($ ® $)(A A (a)) = ^ e fc <g> [(i k ® tfc)Ax(a)] . 

fe=i 

In view of the commutativity of (|1.3[) , this means that 

n 

(id (g) T)$(a) = e k ® [(tfc ® L k )A A (a)] . 

k=l 

Recalling the formula (|2.1[) we find that for k = 1, . . . , n we have r(tfc(a)) = (t& ® tfe)A^(a) and 
this is precisely A(ifc(a)) . Since the images of ti, . . . , t n generate C, we have T(c) = A(c) for all 
ceC. □ 
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4. Corollaries and remarks 

As in previous sections let B — C" be a commutative and finite-dimensional C*-algebra and let 
QS(t4) be a quantum space endowed with a structure of a quantum semigroup. Then the quantum 
space of all maps QS(B) — > QS(A) corresponds to the C*-algebra C — A* n . Moreover the natural 
quantum semigroup structure on QS(C) introduced by M.M. Sadr coincides with the one of the 
rt-fold free product of the quantum semigroup Q2>(A) with itself. We have 

• if QS(A) is a compact quantum group then so is QS(C). Indeed, this is a special case of 
[Til Theorem 3.4]. 

• If A admits a continuous counit then so does C. In fact the counit e : A — > C is a quantum 
semigroup morphism, so we can use the second part of Theorem 13. II 

• If C has a continuous counit then A has one by restriction. 

• If QS(C) is a compact quantum group then so is QS(A). This is a little less immediate 
than the previous questions. Consider the map tt : C — > A defined uniquely by the fact 
that 

t fe o7r = id 

for k = 1, ... ,n (this is the map identifying all of the canonical copies of A inside C). 
Then it is clear that it is a surjective quantum semigroup morphism. Indeed, we have 
(-7T ® 7r)(tfe ® tk) = \&a®A, so that for c € C of the form c = ife(o) we have 

(tt <8> 7r)A(c) = (7T<g>7r)A(i fe (a))(7r<g) 7r)(i fe (gu fe )A A (a) = A A (a) = A a (tt(c)). 

The result follows for any c e C since C is generated by images of L\,...,i n . Now the 
density conditions needed for QS(^4) to be a quantum group are consequences of the ones 
for QS(C) (cf. [HI Definition 2.1]). 

The above statements constitute answers to all the questions left open in [^1 Section 3] 

4.1. Restricting quantum group structure. It is tempting to prove the fact established in 
the last of the four statements above via the following argument. Consider a quantum space 
QS(C) endowed with a structure of a compact quantum group. In other words let C be a unital 
C*-algebra with a comultiplication A: C — > C ® C such that the density conditions from [TBI 
Definition 2.1] are satisfied. Now let A be a unital C*-subalgebra of C (with the same unit) such 
that A (A) C A ® A. One could ask if A | provides QS(A) with a structure of a compact quantum 
group. Using [2] Theorem 4.2] we immediately find that if QS(C) is coamenable then QS(A) is 
indeed a compact quantum group. Moreover, one could drop the existence of a bounded counit 
on C and prove the same using only faithfulness of the Haar measure of QS(C) (then one should 
use the Kustermans-Vaes non-commutative Weil theorem, cf. [5] ) . However we have the following 
theorem: 

Theorem 4.1. Let QS(C) be a compact quantum group with comultiplication A: C — > C Cg> C 
whose Haar measure is not faithful and assume that C is exact. Then there exists a unital C*- 
subalgebra A such that A (A) a A® A, but A^ = A| A does not make Q§>{A) a compact quantum 
group. 

Proof. Let A: C — > C r be the reducing morphism ([14j Page 656], [2, Section 2]) and let J = ker A. 
Then by [9] Proposition 4.1] (also by the proof of [2 Theorem 2.1]) we have A(J) C J ® C (by 
exactness of C we have ker(A<8)id) = (ker A)®C). In the same way we can show that A( J) C C®J. 
Therefore 

A(J) = A( J 2 ) c ( J ® C)(C ®J) = J®J. 
Let us put A = J + CI. Then clearly A(A) a A® A. Let us prove that A|^ does not make 
QS(.A) into a compact quantum group. Assume to the contrary that QS(j4) is a compact quantum 
group. Then it's Haar measure is unique. But the restriction of the Haar measure of C is clearly 
a two-sided invariant state on A. Now this means that the reduced version of Q§>(A) is one 
dimensional. In particular it is commutative, so the reducing morphism must be an isomorphism 
which is only possible when J = {0}. This contradicts the fact that the Haar measure of QS(C) 
is not faithful. □ 
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In order to produce an example of a quantum space QS(C) with quantum group structure, 
non-faithful Haar measure and C exact one can take the reduced G r = (A r ,A r ) version of any 
non-coamenable quantum group G such that A r is an exact C*-algebra (this is the case for all 
cocommutative examples arising from exact discrete groups). Let G r be the compact quantum 
group obtained by adjoining the neutral element to G r ([3j Section 8]). By [3J Proposition 8.3] 
the corresponding C*-algebra is the direct sum of A r and C, hence it is exact ([TH Section 2.5.6]). 
The Haar measure is not faithful by definition. 

4.2. Example. Let us consider the special example appearing at the very beginning of the theory 
of quantum families of maps and in later work ([131 HI IS])- Let us take B = C 2 and also A = 
C 2 = C(Z2). The C*-algebra C corresponding to the quantum space of all maps from a two point 
set to the group Z2 is then isomorphic to C*(Z2 * Z2). Clearly the free product construction 
gives in this case the standard cocommutative comultiplication on the group C*-algebra (cf. [TT| 
Example 3.9(2)]). In more concrete terms we can describe the C*-algebra C as the algebra of 
continuous functions [0, 1] — > M 2 (C) whose values at the end-points are diagonal. In this picture 
A is generated^ by p and q, where for t G [0, 1] 

1 — cos 2nt i sin 2nt 
— isin27rf l + cos27rf 

The comultiplication A is then given by 

A(p) = (p-l)<g>p + l®l+p<S>(p-l), 

A(q) = (q - 1) <g> q + 1 ® 1 + q <g> (q - 1). 

The quantum space QS(C) happens to be the quantum space Q-Map(QS(C 2 )) of all maps from 
a two point set to itself, so it carries a natural quantum semigroup structure (cf. Section [IJ, but 
this is never a quantum group structure ([7J Proposition 2.1]). This other structure is given by 
the unital *-homomorphism C — > C (g) C 

p< — > p ®p + (1 —p) ® q, q< — > q <g> p + (1 — q) ® q. 
5. Maps from non-classical sets 

Let B be a commutative finite-dimensional algebra and let A be a unital finitely generated 
C*-algebra such that QS(j4) is a compact quantum group. In Section [3] we reproved M.M. Sadr's 
result that the quantum space of all maps QS(C) from QS(B) to QS(A) is a quantum semigroup. 
In the original formulation from [6] the comultiplication A : C — ¥ C ® C was introduced via the 
universal property of C (cf. the diagram (jl.3p ). Now this universal property could only be used 
due to the fact that the multiplication map \i: B ® B — > B is a homomorphism. This is no longer 
the case if we consider B non-commutative. Nevertheless, one could wonder if there is some other 
way of defining the quantum semigroup structure on C even when B is non-commutative. 

In this section we will show that there are severe problems with generalizing the phenomena 
discussed so far to the case when QS(B) is no longer a classical finite space. More precisely we 
have 

Theorem 5.1. Let B = A/2(C) and A = C 2 = C*(Z2) with its standard cocommutative comulti- 
plication. Let QS(C) be the quantum space of all maps QS(B) — > QS(A). Then C does not admit 
a compact quantum group structure. 

Before proving Theorem 15.11 let us point out, as we remarked in Section [H that if QS(A) has a 
quantum group structure then so does QS(C). Therefore the example of Theorem 15.11 means that 
in case of maps from a non-classical set to a compact quantum group the situation is certainly 
more complicated. However, it does not rule out the existence of a quantum semigroup structure 
on QS(C). Indeed, any quantum space is easily seen to have a quantum semigroup structure. 



P(t) = 




1 



?(*) = h 



Note that A is nothing else than the universal unital C*-algebra generated by two projections with no relations. 
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Proof of Theorem \5.1[ Let QS(C) be the quantum space of all maps from QS(£?) to QS(A) and let 
<fr : A — > B ® C be the quantum family of all these maps. Then it is not difficult to see that C 
is isomorphic to the universal unital C*-algebra generated by three elements p, q and z with the 
relations 

„2 



P = P~ + Z Z, 
2 



P = P , 

'/ '/'• </ <r 

The *-homomorphism $ is then defined as 



zp=(l- q)z, 



*([&]) 



G M 2 (C) ® C. 



Assume now that QS(C) has a quantum group structure. Then the set X of characters of the 
C*-algebra C equipped with weak*-topology carries a structure of a compact group (cf. e.g. [TQl 
Section 4.1]). We will show that X is homcomorphic to the space which is the disjoint sum of 
the two dimensional sphere and two points. This compact space does not admit a structure of 
a topological group. Indeed, the neutral element cannot belong to the sphere because then the 
sphere would be the connected component of the identity and this is impossible by [?J Section 
3.C]. On the other hand, if the neutral element were one of the isolated points, the group would 
have to be discrete, hence finiteH 

It is easy to see that any character of C belongs to one of the following four families: 

{Xc"}|C|<i' }|CKi' {*c}|CI=i' i u o> u i}> 

where 0Jk(p) = ^k(l) — h, LUk(z) — for k = 0, 1 while 



xt(p) = \ 



ICI 5 



x^(ff) = |-Vi-ICI 



Id 2 



*c (*) 



C, 
C 



and 



X° C (z) = C 



and 



X Q C (p) = X°t(q) = h 

It is also not difficult to see that with weak*-topology the three families {x^}|f|<i, {x^}|(;|<i 
{x^}|f|=i form the upper hemisphere, lower hemisphere and equator of a two-sphere (since we 
are dealing with functionals of norm one, the weak*-convergence in C* is equivalent to pointwise 
convergence on the unital ^-algebra generated by p, q and z). The functionals ujq and ui\ are 
separated from this two-sphere. □ 

Let us go back to the situation when B is commutative. In Section [4] we showed that if QS(C) 
is a compact quantum group then so is QS(vl). In the derivation of this answer we used the fact 
that QS(^4) is a quantum sub-semigroup of QS(C). The mapping tt used in that reasoning is the 
unique map for which the diagram 

A *-S®C 



a : - > 1® a 



id®7r 

B® A 



is commutative. Clearly we still have this map when B is not commutative, so the fact that QS(A) 
is a quantum sub-semigroup of QS(C) yields some restrictions on the comultiplication on C . 



■^Another argument showing that X cannot be a group is that its topology is clearly non-uniform. There is no 
homeomorphism of X onto itself mapping any of the isolated points onto a point on the sphere. 
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